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Large-sample tests for comparing Likert-type scale data
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ABSTRACT
Asymptotic tests for identical distribution of responses in two inde-
pendent sets of Likert-type scale data using latent variable models
are developed. The proposed tests are compared with regard to
asymptotic relative efficiency with the commonly used two-sample t-
test and Mann–Whitney U test. Robustness and unbiasedness of the
tests are also established.
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1. Introduction

In this article, we present a testing procedure to compare attitudes of two sets of sub-
jects on a question, expressed through Likert-type scale data. In Likert-type scale,
respondents are asked to respond to a set of questions, referred to as items, according
to their strength of view in an ordinal scale in a questionnaire. Respondents’ attitudes
are typically differentiated on the basis of mean responses of the questionnaires in
Likert’s summated scale. Here, we consider comparison of two independent samples of
responses to a single Likert-type item obtained from possibly distinct populations.
Comparison of two sets of Likert-type scaled data has been subjected to study for the

past few decades. The null hypothesis was traditionally to as agreement between the
respondents, as for example in Agresti (1988). However, since in recent times the term
has assumed a more specialized meaning in the context of method comparison studies,
we merely refer to it as identicalness of the two response distributions. As a common
practice, the t-test or the Mann–Whitney test are commonly employed for testing the
hypothesis (see e.g. Boone and Boone (2012), Clason and Dormody (1994)). The ques-
tion of robustness of the tests have also been explored, in De Winter and Dodou
(2010), Meek, Ozgur, and Dunning (2007) for instance. However, the data being ordinal
in nature, the standard statistical assumptions for the t-test are not satisfied. For a gen-
eral discussion on methods for categorical data see Agresti (2002).
A standard assumption in dealing with Likert-type scale data is the existence of

underlying continuous latent distribution. Typically normality is assumed. More
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generally, the mechanism can be described as follows (Snell 1964): suppose we have
respondents belonging to two groups, and X and Y denote two latent continuous ran-
dom variables that represent their true opinions. Let us denote by x0 < x1 < � � � < xkþ1

and y0 < y1 < � � � < ykþ1, respectively, the class boundaries of values of X and Y defin-
ing the categories. We may have either or both of x0, y0 as �1 and xkþ1, ykþ1 as 1:

As X, Y are unobserved, two ordinal manifest random variables N ¼ NðXÞ and M ¼
MðYÞ are observed instead with N ¼ i if xi�1 < X < xi and M ¼ i if yi�1 < Y <

yi, 1 � i � kþ 1: Here, we frame the alternative hypotheses of departure from identi-
calness of response distributions in the two populations in two ways, in terms of this
model and develop large-sample tests for both.

2. Description of the procedures

We assume F and G, the respective distribution functions of X and Y, both possess
strictly positive continuous densities within their range that we denote by f and g,
respectively. The choices of F and G are actually arbitrary to the extent of transform-
ation by sufficiently smooth functions. We shall find it convenient to work with ones
that lend themselves to plausibility of representing the alternate hypothesis as a location
shift, defined in the next subsection.
Departure from identical response distribution between two sets of subjects with respect

to their attitudes, as described by Agresti (1988) for instance, may occur in two ways: one,
if they have different perceptions for the meanings of different categories which may be
termed as “a priori” variation and the other is “a posteriori” which occurs when they inter-
pret the categories identically, but possess different opinions (Camparo 2013).

2.1. A model for “a posteriori” shift and a test

We are interested in testing if there is a general shift of attitudes of respondents in the
second group toward treating a particular item more positively, or negatively, than those
in the first group. This can be modeled as follows: consider the location shift problem

where Y ¼d X þ h for some h, hence Gð�Þ ¼ Fð� � hÞ: Of course, we assume suitable
choices of F (and therefore G), after appropriate transformations if necessary, for applic-
ability of this paradigm. Under the null hypothesis, h¼ 0 making G � F, when opinions
match in distribution. The class boundaries of the categories remain same for both X
and Y, that is, xi ¼ yi, i ¼ 0, 1, 2, :::, kþ 1 which translates to the fact the perception of
the meanings of the categories are equivalent for both the subjects. Our purpose is to
develop a test for H0 : h ¼ 0 against H1 : h 6¼ 0; or one-sided alternatives H2 : h > 0 or
H3 : h < 0 on the basis of observations made on the ordinal variables. Here, h > 0
refers to respondents in the second group generally being inclined more favorably or
positively toward the opinion represented in the item and h < 0 the opposite.
We assume two independent samples of size n and m from the two groups, denoted

by ðN1,N2, :::,NnÞ and ðM1,M2, :::,MmÞ, respectively, are available where n and m are
sufficiently large to develop large-sample tests. Denote by fj, n ¼

Pn
i¼1 1fjgðNiÞ the num-

ber of observations for jth category for the sample drawn from the distribution of X
and gj,m ¼Pm

i¼1 1fjgðMiÞ that for Y, 1 � j � kþ 1: Here, 1: stands for the indicator
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function. Also, we denote by Fj, n :¼
Pj

i¼1 fi, n and Gj, n :¼
Pj

i¼1 gi, n the cumulative jth
class frequencies for X and Y respectively; 1 � j � kþ 1:
Now,

ðf1, f2, :::, fkþ1Þ � Multinomialðn; p1, p2, :::, pkþ1Þ and
ðg1, g2, :::, gkþ1Þ � Multinomialðm; d1, d2, :::, dkþ1Þ

where pj ¼ FðxjÞ � Fðxj�1Þ and dj ¼ GðxjÞ � Gðxj�1Þ ¼ Fðxj � hÞ � Fðxj�1 � hÞ for j ¼
1, 2, :::, kþ 1: Note that under H0, dj ¼ pj 8j:
First, we describe the use of large-sample properties of the maximum likelihood esti-

mator of h to test the hypothesis H0. As the k intermediate class boundaries are
unknown, we have kþ 1 unknown parameters: ðh, x1, x2, :::, xkÞ ¼ ðh, xÞ, say. The log-
likelihood, arising from the product of two independent multinomial pmfs, is given by

lððh, xÞÞ ¼ c1 þ
Xkþ1

j¼1

fj log pj þ c2 þ
Xkþ1

j¼1

gj log dj

where c1, c2 > 0:
Standard regularity conditions are given, for example, in Serfling (1980) or Ferguson

(1996), guaranteeing efficient and consistent asymptotic normality of the maximum like-
lihood estimator. We follow Ferguson (p. 121), specializing to the multi-
nomial situation:

a. The parametric space for ðh, xÞ is open in R
kþ1,

b. lððh, xÞÞ has continuous partial derivatives in each component of ðh, xÞ up to
second order,

c. all the second-order partial derivatives are bounded in absolute values by inte-
grable random variables in some neighborhood of the true value ðh0, x0Þ of
the parameter,

d. the information matrix Im, n ¼ @2

@ðh, xÞ2 lððh, xÞÞ
� �� �

is positive definite at ðh0, x0Þ,

apart from identifiability of the parameter. To apply these conditions, we assume that f
is continuously differentiable.
Before proceeding further, it will be convenient to partition the ð1þ kÞ � ð1þ kÞ

information matrix in the following way:

Im, n ¼ Im, nðh, xÞ ¼ i11ðh, xÞ i12ðh, xÞ
i12ðh, xÞ I22ðh, xÞ

� �

The likelihood equations @lðh, xÞ
@h ¼ 0 and @lðh, xÞ

@xi
¼ 0 for i ¼ 1, 2, :::, k, yield

Xkþ1

j¼1

gj
dj

@dj
@h

¼
Xkþ1

j¼1

gj
dj
ðf ðxj � hÞ � f ðxj�1 � hÞÞ ¼ 0

and

f ðxiÞ fi
pi

� fiþ1

piþ1

� �
þ f ðxi � hÞ gi

di
� giþ1

diþ1

� �
¼ 0, i ¼ 1, 2, :::, k
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respectively. An iterative procedure is needed to solve these equations, with each iter-
ation further consisting of two steps: successively updating estimates of h
and x ¼ ðx1, x2, :::, xkÞ:
The estimate of h for given x1, x2, :::, xk for the first part of each step of iteration, as

well as, for the second part, those of the xj’s for given h can be obtained by the scoring
method:

@2lðhÞ
@h2

¼
Xkþ1

j¼1

gj
1
dj
� @

2dj
@h2

� 1

d2j

@dj
@h

� �2
" #

,

so i11ðh, xÞ ¼ E � @2lðhÞ
@h2

� �

¼ �
Xkþ1

j¼1

mdj
1
dj
� @

2dj
@h2

� 1

d2j

@dj
@h

� �2
" #

¼
Xkþ1

j¼1

m
dj

@dj
@h

� �2

:

while the matrix I22ðh, xÞ has entries

iij, 22ðh, xÞ ¼

nf 2ðxiÞ 1
pi

þ 1
piþ1

� �
þmf 2ðxi � hÞ 1

di
þ 1
diþ1

� �
, j ¼ i

� nf ðxiÞf ðxi�1Þ
pi

�mf ðxi � hÞf ðxi�1 � hÞ
di

, j ¼ i� 1

� nf ðxiÞf ðxiþ1Þ
piþ1

�mf ðxi � hÞf ðxiþ1 � hÞ
diþ1

, j ¼ iþ 1

0 otherwise

8>>>>>>>><
>>>>>>>>:

Also, the entries of the vector i12ðh, xÞ are given by

E � @2lðh, xÞ
@h@xj

" #
¼ �mf ðxj � hÞ f ðxjþ1 � hÞ � f ðxj � hÞ

djþ1
� f ðxj � hÞ � f ðxj�1 � hÞ

dj

" #

for j ¼ 1, 2, :::, k:
Now, we can conclude from Serfling (1980) or Ferguson (1996) that the regularity

conditions imply, for the solution of the likelihood equations, the following:

ðĥM , x̂1, x̂2, :::, x̂kÞ�a Nkþ1ððh, x1, x2, :::, xkÞ,I�1
m, nÞ: Hence,

ðĥMm, nÞ�a N 0, ið11Þððh, xÞÞ
� �

as m, n ! 1 where ið11Þððh, xÞÞ is the ð1, 1Þth element of I�1
m, n, equaling

i11ðh, xÞ � i12ðh, xÞI�1
22 ðh, xÞi012ðh, xÞ

� 	�1 ¼ i11:2ðh, xÞð Þ�1:

The Wald’s test for H0 : h ¼ 0 against the alternative H : h 6¼ 0 gives the rejection
region

jĥMm, nj >
sa=2ffiffiffiffiffiffiffiffi
î11:2

p
at asymptotic level a where î11:2 ¼ i11:2ð0, x̂Þ is the MLE of i11:2ðh, xÞ under H0.
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For computation of the estimates ðĥM , x̂1, x̂2, :::, x̂kÞ the following iterative procedure

can be followed. The sth iterative value of estimate ĥ
M, s

is given by the equation

ĥ
M, s
m, n ¼ ĥ

M, s�1
m, n þ

@lðhÞ
@h j

h¼ĥ
M, s�1
m, n , x¼x̂ s�1

m, n

i11:2ðĥM, s�1
m, n , x̂s�1

m, nÞ
:

and that of the vector of class boundaries is obtained from

x̂sm, n ¼ x̂s�1
m, n þ�lðĥM, s�1

m, n , x̂s�1
m, nÞI22

�1ðĥM, s�1
m, n , x̂s�1

m, nÞ
where � ¼ ð@=@x1, @=@x2, :::, @=@xkÞ is the gradient. The vector initial value for the
parameters can be taken as ðhM, 0, x01, x

0
2, :::, x

0
kÞ: Iteration is to continue until the esti-

mates of h and x1, x2, :::, xk converge. Alternatively, to simplify calculations, as per
Ferguson (1996, p. 138), the first-iterate can be used although the rate of convergence
to normality would likely be slower. A natural choice for initial estimate is 0 for hM, 0

m, n

and accordingly, the MLE of xjs under H0: x̂j, 0 ¼ F�1 Fj, nþGj,m
nþm

� �
:

In Appendix C, results of some simulations in terms of approximate size and power
for various choices of m and n when the underlying latent F is normal, are shown.
But joint estimation of ðh, x1, x2, :::, xkÞ involves cumbersome computations. Now, we

make an assumption that allows us both to obtain a convenient form of the information
matrix under H0, and to carry out limit computations. This assumption is that m and
n ! 1 in such a way that m

n ! k for some k 2 ð0,1Þ: In that case, Im, nðx, hÞ �
mKðxÞ under H0. Like Im, n,K can be partitioned as

KðxÞ ¼ K11ðxÞ K12ðxÞ
K12ðxÞ K22ðxÞ

� �

where K11ðxÞ ¼
Pkþ1

j¼1
1
pj

@dj
@h jh¼0

� �2
¼Pkþ1

j¼1
1
pj
ðf ðxjÞ � f ðxj�1ÞÞ2 and K12ðxÞ is a k� 1

vector with jth element given as �f ðxjÞ f ðxjþ1Þ�f ðxjÞ
pjþ1

� f ðxjÞ�f ðxj�1Þ
pj

h i
for j ¼ 1, 2, :::, k:

K22ðxÞ is a k� k matrix with ði, jÞth element given as

Kij, 22ðxÞ ¼

1
k
þ 1

� �
f 2ðxiÞ 1

pi
þ 1
piþ1

� �
, j ¼ i

� 1
k
þ 1

� �
f ðxiÞf ðxi�1Þ

pi
, j ¼ i� 1

� 1
k
þ 1

� �
f ðxiÞf ðxiþ1Þ

piþ1
, j ¼ iþ 1

0 otherwise

8>>>>>>>>><
>>>>>>>>>:

Now, under H0,

ð ffiffiffiffi
m

p
ĥ
M
,
ffiffiffiffi
m

p ðx̂1 � x1Þ,
ffiffiffiffi
m

p ðx̂2 � x2Þ, :::,
ffiffiffiffi
m

p ðx̂k � xkÞÞ�a Nkþ1ð0,K�1Þ
as m, n ! 1 and m

n ! k > 0: Hence,ffiffiffiffi
m

p
ĥ
M
m, n

� �
!d N 0,Kð11ÞðxÞ

� �

COMMUNICATIONS IN STATISTICS—THEORY AND METHODS 5



as m, n ! 1 and m
n ! k > 0 where Kð11ÞðxÞ ¼ ðK11 � K12K

�1
22 K

0
12Þ�1: As Kð11ÞðxÞ is

continuous function of xj for all j ¼ 1, 2, :::, k, we can replace x by efficient estimates x̂0

to obtain an efficient estimate of asymptotic variance of ĥ
M
m, n: The jth element of x̂0 is

x̂j, 0 ¼ F�1 Fj, nþGj,m
nþm

� �
which is MLE of xj under H0.

Now we can use

Tð1Þ
m, n ¼

ffiffiffiffi
m

p
ĥ
M
m, nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Kð11Þðx̂0Þ
q

as a test statistic to test H0. T
ð1Þ
m, n is asymptotically standard normal under H0 and hence

the rejection region for the test against two sided alternative H : h 6¼ 0 is jTð1Þ
m, nj > sa=2

at asymptotic level a.

2.2. Testing for an “a priori” difference model

In this section, we let the class boundaries for the second group differ by h from those
of the first group. This represents an equal measure of difference in the perception of
categories between the groups when h 6¼ 0: Here, although it is natural to assume the
equality of G and F, much of the analysis can be done even without assuming this. So,
let ðx0, x1, :::, xkþ1Þ and ðy0, y1, :::, ykþ1Þ be the class boundaries of categories for the
latent variables X and Y, respectively, so that yi ¼ xi � h for i ¼ 1, :::, k: Our aim is to
develop a test procedure, as m and n both increase unboundedly, for the null hypothesis
the two groups of subjects to have same perception about the categories, which again
takes the form H0 : h ¼ 0:
A computationally convenient method of estimating h is using the marginal estimates

of class boundaries of the two populations. Following Bhattacharya and Sengupta

(2013), let x̂j, n ¼ F�1 Fj, n
n

� �
and ŷj,m ¼ G�1 Gj,m

m

� �
denote estimates of class boundaries yj

and xj, respectively, for i ¼ 1, 2, :::, k: Then the asymptotic distributions of x̂n :¼
ðx̂1, n , x̂2, n , :::, x̂k, nÞ0 and ŷm :¼ ðŷ1,m , ŷ2,m , :::, ŷk,mÞ0 are both k-variate normal; specifically,

x̂n � AN x, 1
nRx

� 	
and ŷm � AN y, 1

mRy
� 	

where Rx :¼ ððsijÞÞ and Ry :¼ ððs0ijÞÞ with

sij ¼ sji ¼
FðxiÞð1� FðxjÞÞ

f ðxiÞf ðxjÞ and s0ij ¼ s0ji ¼
GðyiÞð1� GðyjÞÞ

gðyiÞgðyjÞ , i � j:

For details, refer to Bhattacharya and Sengupta (2013). In fact, 1
nRx and 1

mRy are the

respective dispersion matrices of x̂n and ŷm; and
x̂n
ŷm

� �
has asymptotically a 2k-variate

normal distribution with asymptotic “mean” parameter
x
y

� �
and “dispersion”

matrix

1
n
Rx Covðx̂n, ŷmÞ

1
m
Ry

0
BB@

1
CCA:
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An easy to compute estimate of h is given by

ĥ
ð2Þ
m, n ¼

1
k

Xk
i¼1

ŷi,m � x̂i, n
� 	

:

Now the asymptotic means of the components of x̂n and ŷm are yj and xj for j ¼
1, 2, :::, k: Thus, the asymptotic mean of the estimator is given by Eðĥð2Þm, nÞ � h, while

the asymptotic variance is

r2m, nðhÞ � V
1
k

Xk
i¼1

ŷi,m � x̂i, n
� 	 !

¼ 1
k2

Xk
i¼1

Xk
j¼1

cov ŷi,m � x̂i, n
� 	

ŷj,m � x̂j, n
� 	2

4
3
5

¼ 1
k2

Xk
i¼1

Xk
j¼1

s0ij
m

þ sij
n

� �2
4

3
5

The estimator ĥ
ð2Þ
m, n is consistent for the shift h as n,m ! 1: Also note as a conse-

quence of the Cramer–Wold device, that ĥ
ð2Þ
m, n converges to Nðh, r2m, nðhÞÞ in distribution

as n,m ! 1: Hence,
ðĥð2Þm, n�hÞ
rm, nðhÞ follows asymptotically a standard normal distribution.

Here again sij and s0ij contain the unknown class boundaries.

Let us denote the estimates of sij by ŝij, namely

ŝij ¼
Fðx̂i, nÞð1� Fðx̂j, nÞÞ

f ðx̂i, nÞf ðx̂j, nÞ

Now as x̂j, n!P xj we have ŝij!P sij for all i 6¼ j owing to continuity of F and f at xj 8j:
Similarly, the analogous statement: ŝ0ij!

P
s0ij 8i, j, holds.

It follows that the estimate of r2m, nðhÞ defined as

r̂2
m, nðhÞ ¼

1
k2

Xk
i¼1

Xk
j¼1

ŝ0ij
m

þ ŝij
n

� �2
4

3
5

is strongly consistent in the sense that
r̂2
m, nðhÞ

r2m, nðhÞ also converges almost surely to 1 as

m, n ! 1 and by Slutsky’s theorem, Tm, n ¼ ðĥð2Þm, n�hÞ
r̂m, nðhÞ preserves the asymptotic normality.

Note that if G¼ F, then under H0, Tm, n reduces to

~T
ð2Þ
m, n ¼

ðĥð2Þm, nÞ
r̂m, nð0Þ

where r̂2
m, nð0Þ ¼ 1

k2
Pk

i¼1

Pk
j¼1

1
m þ 1

n

� 	
ŝij estimates r2m, nð0Þ ¼ 1

k2
Pk

i¼1

Pk
j¼1

1
m þ 1

n

� 	
sij: So

in this case, a level a asymptotic test based on Tð2Þ
m, n :¼ ĥ

ð2Þ
m, n consists of rejecting H0

COMMUNICATIONS IN STATISTICS—THEORY AND METHODS 7



against H1 if ~T
ð2Þ
m, n

��� ��� > sa=2, the upper 100 a
2% cutoff point of the standard normal dis-

tribution. For one-sided alternatives, one-sided tests can be carried out.
However, the results of the simulation, as shown in the table in Appendix C, suggest

that convergence to standard normality is slow, in the sense that with (50, 100) and
(100, 50) as choices for (m, n), their simulated sizes overshoot the 5% level significantly
in most scenarios, when F ¼ U:
A natural idea to explore at this stage would be, if instead of the simple average of

ŷi,m � x̂i, n, i ¼ 1, 2, :::, k, a weighted average may or may not perform better. Let us fix

the weights wi, i ¼ 1, 2, :::, k satisfying wi 	 0 and
Pk

i¼1 wi > 0; and define

ĥ
ð2,wÞ
m, n ¼ 1Pk

i¼1wi

Xk
i¼1

wi ŷi,m � x̂i, n
� 	

with approximate variance

1P
wið Þ2

Xk
i¼1

Xk
j¼1

wiwj
1
m

þ 1
n

� �
sij

where sij ¼ FðxiÞð1�FðxjÞÞ
f ðxiÞf ðxjÞ if i � j: The table in Appendix A shows the comparison of the

approximate variances of ĥ
ð2,wÞ
m, n with ĥ

ð2Þ
m, n under different choice of weights for the nor-

mal model. It appears from the table that weights wi proportional to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðk� iþ 1Þp

yield
smaller variance than uniform weights in most situations for this model.

3. Asymptotic relative efficiency

We now compare, assuming m and n grow approximately proportionately, both the first
and second tests with two-sample t-test and Mann–Whitney test with regard to asymp-
totic relative efficiency following Gibbons and Chakraborti (2011, pp. 496). We confine
ourselves to the problem of testing H0 : h ¼ 0 against H1 : h > 0 for the other cases are
similar. The desired performance criterion for a test based on an asymptotically stand-
ard normal statistic Tm, n is the power function of the test given by

Ph Tm, n > sað Þ for h 	 0:

The asymptotic relative efficiency (ARE) of the test based on Tm, n with respect to
that based on another statistic T


m, n is given by

AREðT,T
Þ ¼ lim
m, n!1

m
 þ n


mþ n

where ðm
, n
Þ ¼ hðm, nÞ for some function h with

lim
m, n!1Phm, n Tm, n > sað Þ ¼ lim

m
, n
!1Phm
, n
 T

m
, n
 > sa

� 	
where ðhm, nÞ is sequence of alternatives that converges to 0, provided the limit
exists uniquely.
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Gibbons and Chakraborti (2011) further give conditions under which ARE of tests
based on asymptotically normal statistics are comparable. We state these conditions in
terms of Tm, n:

a. dEðTm,nÞ
dh exists and is positive and continuous at h¼ 0. For r ¼ 2, 3, :::, drEðTm, nÞ

dhr

exists and are equal to 0 at h ¼ 0.
b. The conditions (b)–(d) to follow are satisfied in our case under the assumption

that m ! 1, n ! 1 and m
n ! k 2 ð0,1Þ:

c. There exists a positive constant c, called the efficacy of Tm, n, such that

lim
m!1

dEðTm, nÞ=dhjh¼0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mVðTm, nÞjh¼0

p ¼ c

d. There exists sequence of alternatives ðhm, nÞ such that for some constant d > 0,
we have hm, n ¼ dffiffiffi

m
p and

lim
m!1

dEðTm, nÞ=dh½ �jh¼hm, n

dEðTm, nÞ=dh½ �jh¼0
¼ 1

and

lim
m!1

VðTm, nÞjh¼hm

VðTm, nÞjh¼0
¼ 1,

e. limm!1 P
Tm, n�EðTm, nÞjh¼hm, nffiffiffiffiffiffiffiffiffiffiffiffi

VðTm,nÞ
p

jh¼hm, n
� z

� �
¼ UðzÞ

Under these conditions on the statistics, the ARE of the tests based on these is express-
ible as the square of the ratio of their efficacies:

AREðT,T
Þ ¼ c
c


� �2

¼ lim
m!1

dEðTm, nÞ=dh½ �2h¼0=mVðTm, nÞjh¼0

dEðT

m, nÞ=dh

� 
2
h¼0

=mVðT

m, nÞjh¼0

Note here that Eð:Þ and Vð:Þ refer to asymptotic parameters and not necessarily exact
means and variances.

3.1. Efficacies Tð1Þ and Tð2Þ

Now the test for “a posteriori” location shift is based on

Tð1Þ
m, n ¼

ffiffiffiffi
m

p
ĥ
M
m, nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Kð11ÞðxÞ
q ¼ ĥ

M
m, n � hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ið11Þðh, xÞ

q þ hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ið11Þðh, xÞ

q
0
B@

1
CA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ið11Þðh, xÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffi
Kð11ÞðxÞ

m

q :

The asymptotic mean and variance of Tð1Þ
m, n under general alternatives are

E Tð1Þ
m, n

� �
¼ hffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ið11Þðh, xÞ
q and V Tð1Þ

m, n

� �
¼ ið11Þðh, xÞ

Kð11ÞðxÞ
m
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Therefore,

dE Tð1Þ
m, n

� �
dh

jh¼0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m

Kð11ÞðxÞ

s

Now as under H0 : h ¼ 0 and for m, n ! 1 with m
n ! k > 0, K

ð11ÞðxÞ
m � ið11Þðh, xÞ

lim
m!1

dEðTð1Þ
m, nÞ=dh

h i
jh¼hm, n

dEðTð1Þ
m, nÞ=dh

h i
jh¼0

¼ 1

and

lim
m!1

VðTð1Þ
m, nÞjh¼hm, n

VðTð1Þ
m, nÞjh¼0

¼ 1,

as VðTð1Þ
m, nÞ � 1 under h¼ 0 and ið11Þðh, xÞ continuous function of h. Thus,

c0 ¼ lim
m!1

dEðTð1Þ
m, nÞ=dh

h i
h¼0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mVðTð1Þ
m, nÞjh¼0

q ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kð11ÞðxÞ

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K11 � K12K

�1
22 K

0
12

q
¼

ffiffiffiffiffiffiffiffiffiffi
K11:2

p
> 0

is 1ffiffiffi
m

p times the square root of the efficacy (see Gibbons and Chakraborti 2011) of the

test based on Tð1Þ:
For the test under “a priori” model recall that

Tð2Þ
m, n ¼

ĥ
ð2Þ
m, n

rm, nð0Þ ¼
ĥ
ð2Þ
m, n � h

rm, nðhÞ þ h
rm, nðhÞ

 !
rm, nðhÞ
rm, nð0Þ

is asymptotically normal with asymptotic parameters

EðTð2Þ
m, nÞ ¼

h
rm, nðhÞ and VðTð2Þ

m, nÞ ¼
r2m, nðhÞ
r2m, nð0Þ

with r2m, nðhÞ ¼ 1
k2
Pk

i¼1

Pk
j¼1

s0ij
m þ sij

n

� �� �
:

Now,

dEðTð2Þ
m, nÞ

dh h¼0 ¼ 1
rm, nð0Þ ,

����
while

lim
m!1

dEðTð2Þ
m, nÞ=dh

h i
jh¼hm, n

dEðTð2Þ
m, nÞ=dh

h i
jh¼0

¼ 1

and
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lim
m!1

VðTð2Þ
m, nÞjh¼hm, n

VðTð2Þ
m, nÞjh¼0

¼ 1

as s0ij and sij are continuous at the class boundaries and VðTð2Þ
m, nÞjh¼0 ¼ 1: Hence, we have

c1 ¼ lim
m!1

dEðTð2Þ
m, nÞ=dh

h i
h¼0ffiffiffiffi

m
p

VðTð2Þ
m, nÞjh¼0

¼ kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ kÞPi

P
j sij

q > 0

is 1ffiffiffi
m

p times the square root of the efficacy (see Gibbons and Chakraborti 2011) of the

test based on Tð2Þ:

3.2. Efficacy of the t-test and comparisons with it

In applying the t-test, the assumption made is that the ordinal variables M and N are
discretized normal random variables with the same variance and to test for equality of
their means, one defines

Tð3Þ
m, n ¼

�Mm � �Nn

smþn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
m þ 1

n

� 	q

where �Mm ¼
Pkþ1

i¼1
igi

m and �Nn ¼
Pkþ1

i¼1
ifi

n are the average scores of the manifest variables,

respectively, for Y and X and s2mþn ¼ 1
mþn�2

Pkþ1
i¼1 i

2gi �m �M2
m þPkþ1

i¼1 i
2fi � n�N 2

n

h i
:

Define wðhÞ ¼ Eð �Mm � �NnÞ ¼
Pkþ1

i¼1 iðdi � piÞ and
r
2m, n ¼ Vð �Mm � �NnÞ ¼ Vð �MmÞ þ Vð�NnÞ

¼ 1
m

Xkþ1

i¼1

i2di �
Xkþ1

i¼1

idi

 !2
2
4

3
5þ 1

n

Xkþ1

i¼1

i2pi �
Xkþ1

i¼1

ipi

 !2
2
4

3
5

¼ 1
m
r2M þ 1

n
r2N

Under the assumption, m, n ! 1 and m
n ! k we have mr
2m, n ! r2M þ kr2N andffiffiffiffiffiffiffiffiffiffiffiffiffi

mþ n
n

r
smþn !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kr2M þ r2N

q
almost surely

To obtain the asymptotic mean and variance of Tð3Þ under general alternative h we see
that

Tð3Þ
m, n ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
mn

mþ n

r �Mm � �Nn

smþn

� �

¼
�Mm � �Nn � wðhÞ

r
m, n
þ wðhÞ

r
m, n

 ! ffiffiffiffi
m

p
r
m, nffiffiffiffiffiffiffiffiffiffiffiffiffi

mþ n
n

r
smþn
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Now
�Mm��Nn�wðhÞ

r
m, n
is asymptotically standard normal and

ffiffiffiffi
m

p
r
m, nffiffiffiffiffiffiffiffi

mþn
n

q
smþn

!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2M þ kr2N

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kr2M þ r2N

p ¼ KðhÞ almost surely:

Hence, asymptotic mean and variance of Tð3Þ
m, n are

EhðTð3Þ
m, nÞ ¼

ffiffiffiffi
m

p
wðhÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kr2MðhÞ þ r2N
p and VhðTð3Þ

m, nÞ ¼ K2ðhÞ:

Thus, we have,

dEðTð3Þ
m, nÞ

dh
¼ ffiffiffiffi

m
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kr2M þ r2N
p

: dwðhÞdh � wðhÞ d
dh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kr2M þ r2N

p
ðkr2M þ r2NÞ

" #

So, under H0 : h ¼ 0,

dEðTð3Þ
m, nÞ

dh h¼0 ¼
ffiffiffiffi
m

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kr2M þ r2N

p :
dwðhÞ
dh

����
h¼0

�����
as wð0Þ ¼ 0: Now,

dwðhÞ
dh

¼
Xkþ1

i¼1

i
ddi
dh

¼
Xk
i¼2

i �f ðxi � hÞ þ f ðxi�1 � hÞ� 	� f ðx1 � hÞ þ ðkþ 1Þf ðxk � hÞ

¼
Xk
i¼1

f ðxi � hÞ

as dkþ1 ¼ 1� Fðxk � hÞ and d1 ¼ Fðx1 � hÞ: So,
dEðTð3Þ

m, nÞ
dh h¼0 ¼

ffiffiffiffi
m

p 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kr2M þ r2N

p :
Xk
i¼1

f ðxiÞ > 0

�����
Furthermore, we observe that for hm, n ¼ dffiffiffi

m
p ,

lim
m!1

dEðTð3Þ
m, nÞ=dh

h i
jh¼hm, n

dEðTð3Þ
m, nÞ=dh

h i
jh¼0

¼ 1

and

lim
m!1

VðTð3Þ
m, nÞjh¼hm, n

VðTð3Þ
m, nÞjh¼0

¼ 1,

as m ! 1 and hm, n ! 0 we have wðhm, nÞ ! 0 and r2M
r2N

! 1 as wðhÞ and r2M are con-

tinuously differetiable function of h.
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Hence, under the assumption m
n ! k as m, n ! 1 we have

c2 ¼ lim
m!1

dEðTð3Þ
m, nÞ=dh

h i
h¼0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mVðTð3Þ
m, nÞ

q
jh¼0

¼
Pk

i¼1f ðxiÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kð Þ Pkþ1

i¼1
i2pi �

Pkþ1
i¼1

ipi
� �2� �s > 0

is 1ffiffiffi
m

p times the square root of the efficacy of the t-test with Likert-type scaled data.

Thus, the asymptotic relative efficiency of the test based on Tð1Þ relative to the t-test,
when m

n ! k, equals

AREðTð1Þ,Tð3ÞÞ ¼ c0
c2

� �2

¼
K11:2ð1þ kÞ Pkþ1

i¼1
i2pi �

Pkþ1
i¼1

ipi
� �2� �

Pk
i¼1f ðxiÞ

� �2
and that of the test based on Tð2Þ, equals

AREðTð2Þ,Tð3ÞÞ ¼ c1
c2

� �2

¼
k2

Pkþ1
i¼1

i2pi �
Pkþ1

i¼1
ipi

� �2� �
Pk

i¼1f ðxiÞ
� �2P

i

P
j sij

3.3. Efficacy of the U test and comparisons

The Mann–Whitney U statistic is

Um, n ¼
Xn
i¼1

Xm
j¼1

Dij

with

Dij ¼ 1 if Mj < Ni

0 if Mj > Ni
for i ¼ 1, 2, :::, n, j ¼ 1, 2, :::,m:

�

For the Mann–Whitney test with Likert-type scaled data, Gibbons and Chakraborti
(2011, pp. 494) compute

c3 ¼
ffiffiffiffiffi
12

p Ð1
�1 f 2ðxÞdx� 

ffiffiffiffiffiffiffiffiffiffiffi
kþ 2

p

as 1ffiffiffi
m

p times the square root of the efficacy. So the asymptotic relative efficiency of Tð1Þ

and Tð2Þ relative to the Mann–Whitney test when m
n ! k are

AREðTð1Þ,UÞ ¼ c0
c3

� �2

¼ ðkþ 2ÞK11:2

12
Ð1
�1 f 2ðxÞdx� 
2

and
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AREðTð2Þ,UÞ ¼ c1
c3

� �2

¼ k2ðkþ 2Þ
12
Ð1
�1 f 2ðxÞdx� 
2P

i

P
j sijðkþ 1Þ

:

As illustration, ARE calculated for two choices for the latent distribution and varying
class boundaries are given in Appendix B.

4. Unbiasedness and robustness considerations

In this section, we examine how the approximate power function of the test behaves
under small perturbations of the underlying latent distributions. We write the approxi-
mate power function of the test as

APFFðhÞ ¼ lim
m, n

Pðĥm, n > sar̂FðhÞÞ

¼ lim
m, n

P
rFðhÞ
r̂FðhÞ

ĥm, n � h
rFðhÞ þ h

rFðhÞ

( )
> sa

 !" #

¼ lim
m, n

PðYm, n > saÞ

where Ym, n ¼ rFðhÞ
r̂FðhÞ

ĥm, n�h
rFðhÞ þ h

rFðhÞ

n o
: Here, rFðhÞ stands for the earlier defined rm, nðhÞ

and r̂FðhÞ is as before the estimate obtained by replacing unknown class boundaries by
their natural estimates. Following the results of the previous sections we see that Ym, n is

AN h
rFðhÞ , 1
� �

: Hence,

APFFðhÞ � 1� U sa � h
rFðhÞ

� �

¼ �U sa � h
rFðhÞ

� �

For testing H0 : h � 0 against H1 : h > 0 it can be noted that the approximate expres-
sion for APFFðhÞ exceeds a for h > 0 and lies below a for h � 0: Hence the test is
asymptotically unbiased at significance level a (see Lehmann and Romano 2008). Again,

dAPFFðhÞ
dh

� / sa � h
rFðhÞ

� �
rFðhÞ � h d

dh rFðhÞ
ðrFðhÞÞ2

whence the function is non decreasing if @
@h ln rFðhÞ < 1

h for all h. It is possible to inves-
tigate this condition in more detail in some special cases which we omit.
Now, we consider a sequence of distribution functions FN ,N 	 1, such that each of

them has a density satisfying the same conditions imposed on f and assume that
fNðxÞ ! f ðxÞ pointwise as N ! 1, where fN is the density of FN ,N 	 1: By Scheffe’s
lemma (see Resnick 2005) this implies convergence also in total variation; that is,

sup
B2BðRÞ

jFNðBÞ � FðBÞj ! 0

and therefore in particular FN ! F weakly. Now,
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rFN ðhÞ ¼
1
k2

Xk
i¼1

Xk
j¼1

FNðxi � hÞð1� FNðxj � hÞÞ
mfNðxi � hÞfNðxj � hÞ þ

Xk
i¼1

Xk
j¼1

FNðxiÞð1� FNðxjÞÞ
nfNðxiÞfNðxjÞ

8<
:

9=
;:

As FNðxÞ ! FðxÞ and fNðxÞ ! f ðxÞ for all x ¼ xj, j ¼ 1, 2, :::, k, so rFN ðhÞ ! rFðhÞ and

hence 1
rFN ðhÞ !

1
rFðhÞ , as N ! 1, m, n being kept fixed.

This implies

APFFN ðhÞ ! APFFðhÞ for all h:

5. Discussion

The tables in Appendix B show that both statistics perform better than t test and
Mann–Whitney U test with respect to ARE when the latent distribution is assumed to
be Standard Normal almost in all situations. Only exception is the case where all class

boundaries are positive. Then ARE of Tð2Þ with respect to both tests t and U are less

than 1. If the latent distribution is skewed, for example gamma, then either Tð1Þ or Tð2Þ

performs better than t test but both are more efficient than Mann–Whitney U statistic
in all choices of class boundaries.
The table in Appendix C shows the empirical power comparison when the latent dis-

tribution is assumed to be standard normal. The test based on the statistic Tð1Þ performs

always better than t and U tests. Although Tð2Þ does not always meet the level condition
with empirical level greater than 0.05, this test is robust locally as shown in Section 4.
Regarding the matter of choice between the proposed statistics, using Tð1Þ is recom-

mended as it is based on the MLE and it performs better than popular tests like t test
and U test in nearly all situations when we believe any difference in opinions in the two
groups can only be “a posteriori”, where both are applicable. But as mentioned earlier,

the relatively more ad hoc but computationally far less demanding Tð2Þ is applicable
also in situations when we have prior information or suspicion that difference between
opinions of two sets of subjects actually obtains due to their different perceptions about

different categories, when Tð1Þ is unsuitable.
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Appendix A

For, F ¼ U see Table A1.

Appendix B

See Tables B1–B3.

Table A1. Comparison of variances.
Weights

Class boundaries
ffiffi
i

p ffiffiffiffiffiffiffiffiffiffi
k � i

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
iðk � iÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k � i þ 1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

iðk � i þ 1Þp
1/

ffiffi
i

p
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

iðk�iþ1Þ
p 1

ð�3:0, � 1:5, 0:0, 1:0, 1:5, 3:0Þ 0.02792 0.02702 0.02443 0.02469 0.02484 0.02560 0.02609 0.02538
ð�3:0, � 1:5, � 1:0, 0:0, 1:5, 3:0Þ 0.02469 0.03563 0.03147 0.02792 0.02484 0.02874 0.02609 0.02538
ð�1:0, � 0:5, � 0:25, 0:25, 0:5, 1Þ 0.02463 0.02655 0.02594 0.02463 0.02438 0.02459 0.02418 0.02426
ð0:0, 0:5, 1:5, 2:0, 2:5, 3:0Þ 0.10304 0.04262 0.05086 0.05808 0.07656 0.05730 0.07948 0.07778
ð�3:0, � 2:5, � 2:0, � 1:5, � 0:5, 0Þ 0.05808 0.14899 0.12237 0.10304 0.07656 0.10815 0.07948 0.07778

Table B1. ARE comparison under F ¼ U:
Class boundaries k Statistics ARE(T, t) ARE(T, U)

ð�1, � 1:5, � 0:5, 0, 0:5, 1, 1:5,1Þ 2 Tð1Þ 1.018107 1.324463
Tð2Þ 1.325761 1.276096

1/2 Tð1Þ 1.018107 1.655579
Tð2Þ 1.325761 1.5951

ð�1, � 1:5, � 1, � 0:5, 0, 1, 1:5,1Þ 2 Tð1Þ 1.009567 1.31539
Tð2Þ 1.512612 1.174025

1/2 Tð1Þ 1.009567 1.644237
Tð2Þ 1.512612 1.467531

ð�1, � 1:0, � 0:5, � 0:25, 0:25, 0:5, 1,1Þ 2 Tð1Þ 1.020247 1.292425
Tð2Þ 1.442685 1.267061

1/2 Tð1Þ 1.020247 1.615531
Tð2Þ 1.442685 1.58382

ð�1, 0:0, 0:5, 1, 1:5, 2:0, 2:5,1Þ 2 Tð1Þ 1.036566 1.127719
Tð2Þ 0.6234132 0.66433

1/2 Tð1Þ 1.036566 1.409649
Tð2Þ 0.6234132 0.8304124

ð�1, � 2:5, � 2:0, � 1:5, � 1, � 0:5, 0,1Þ 2 Tð1Þ 1.036566 1.127719
Tð2Þ 3.20109 0.477238

1/2 Tð1Þ 1.036566 1.409649
Tð2Þ 3.20109 0.596548
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Table B2. ARE comparison under F ¼ Gammaðp, aÞ:
Class Boundaries Parameters k Statistics ARE(T, t) ARE(T, U)

ð0:0, 0:15, 0:85, 1:2, 1:5,1Þ a ¼ 1, p ¼ 2 2 Tð1Þ 2.806951 3.768146
Tð2Þ 0.907744 1.024211

1/2 Tð1Þ 2.806951 4.710182
Tð2Þ 0.907744 1.280264

a ¼ 1, p ¼ 3 2 Tð1Þ 0.7988513 2.292876
Tð2Þ 1.239994 1.890051

1/2 Tð1Þ 0.798851 2.86609
Tð2Þ 1.239994 2.362564

a ¼ 2, p ¼ 2 2 Tð1Þ 5.261407 2.764925
Tð2Þ 0.3209601 0:2375692

1/2 Tð1Þ 5.261407 3.456156
Tð2Þ 0.3209601 0.2969615

ð0:0, 0:25, 0:5, 1:0, 1:5,1Þ a ¼ 1, p ¼ 2 2 Tð1Þ 1.836326 3.282773
Tð2Þ 1.142395 2.451794

1/2 Tð1Þ 1.836326 4.103466
Tð2Þ 1.142395 3.064742

a ¼ 1, p ¼ 3 2 Tð1Þ 0.6412053 2.486185
Tð2Þ 1.191867 2.472926

1/2 Tð1Þ 0.6412053 3.107731
Tð2Þ 1.191867 3.091157

a ¼ 2, p ¼ 2 2 Tð1Þ 3.394966 2.231792
Tð2Þ 0.7754737 1:112527

1/2 Tð1Þ 3.394966 2.78974
Tð2Þ 0.7754737 1.390658

Table B3. ARE comparison under F¼U-shaped distribution with density function fðxÞ ¼ cðx � aÞ2
for 0 < x < 1:
Class boundaries Parameters k Statistics ARE(T, t) ARE(T, U)

ð0, 0:15, 0:3, 0:45, 0:60, 0:75, 0:90, 1Þ a¼ 1 2 Tð1Þ 0.3796114 1.8229498
Tð2Þ 0.1566958 0.7524762

1/2 Tð1Þ 0.2060779 1.2370206
Tð2Þ 0.1566958 0.9405952

a¼�1 2 Tð1Þ 0.6779190 0.4896931
Tð2Þ 1.7988945 1.2994270

1/2 Tð1Þ 0.3429895 0.3096971
Tð2Þ 1.7988945 1.6242838

a ¼ 0:2 2 Tð1Þ 0.17445 2.2271
Tð2Þ 0.001566 0.02

1/2 Tð1Þ 0.1028 1.640667
Tð2Þ 0.001566 0.025

a ¼ 0:5 2 Tð1Þ 2.57143 2.5321
Tð2Þ 0.00595 0.00585

1/2 Tð1Þ 2.57143 3.1651
Tð2Þ 0.006 0.007

a ¼ 0:8 2 Tð1Þ 0.53574 2.23098
Tð2Þ 0.004688 0.01952

1/2 Tð1Þ 0.31610 1.6454
Tð2Þ 0.004688 0.02440
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Appendix C

See Table C1.

Table C1. Simulated power comparisons under F¼U with 10,000 simulations.
Sample sizes Class boundaries h Tð1Þ Tð2Þ t U

m ¼ 100, n ¼ 50 ð�1, � 1:5, � 0:5, 0:5, 1:5,1Þ 0 0.0473 0.1015 0.0494 0.0407
0.15 0.6863 0.1617 0.1257 0.1123
0.25 0.9792 0.2861 0.2484 0.2378
0.5 0.999 0.7051 0.7163 0.7404
1 1 0.9945 0.9993 0.9888

ð�1, � 0:5, 0:0, 0:5, 1:5,1Þ 0 0.0413 0.201 0.0499 0.0409
0.15 0.6778 0.3079 0.1302 0.1226
0.25 0.9933 0.5051 0.2701 0.2513
0.5 1 0.9195 0.7807 0.7579
1 1 1 0.9996 0.9993

ð�1, 0:0, 0:5, 1:0, 1:5,1Þ 0 0.0412 0.2875 0.0517 0.0309
0.15 0.6215 0.3956 0.1154 0.0913
0.25 0.991 0.5732 0.2493 0.2237
0.5 1 0.9425 0.7446 0.7303
1 1 1 0.9998 0.9999

m ¼ 50, n ¼ 100 ð�1, � 1:5, � 0:5, 0:5, 1:5,1Þ 0 0.0505 0.1015 0.0521 0.0428
0.15 0.2345 0.176 0.1223 0.1109
0.25 0.5316 0.3009 0.2547 0.2418
0.5 0.9914 0.7394 0.7126 0.7467
1 1 0.9957 0.9991 0.9994

ð�1, � 0:5, 0:0, 0:5, 1:5,1Þ 0 0.0522 0.2083 0.0518 0.0461
0.15 0.2015 0.3116 0.1274 0.119
0.25 0.5222 0.5073 0.2797 0.2499
0.5 0.9910 0.9174 0.7804 0.7566
1 1 1 0.9996 0.9998

ð�1, 0:0, 0:5, 1:0, 1:5,1Þ 0 0.0411 0.2965 0.0561 0.0337
0.15 0.1988 0.3907 0.1342 0.0972
0.25 0.5005 0.5683 0.2667 0.2134
0.5 0.9960 0.927 0.7601 0.7193
1 1 1 0.9995 0.9996
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