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Abstract

This research article deals with an Economic Order Quantity (EOQ) model for a single
type of deteriorating product. The demand of the product is considered to be an increasing
quadratic function of time. Deterioration follows a two parameter Weibull distribution.
Shortage takes place and the shortage cost is assumed to be a non-linear function of time.
The effect of inflation and salvage cost are also taken into account. The objectives of this
research work are: (i) maximize the average profit and (ii) study the effect of deterioration
and inflation on the average profit function. Numerical example with its graphical
representation is provided to establish the model. Some Special cases together with
comparative study are also furnished with the help of numerical results.

Keywords: EOQ, inventory, time-dependent demand, deterioration, shortage, salvage
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1. Introduction

It is quite obvious that the demand of an item may not be fixed throughout the year.
Sometimes, it is very high and sometimes it is very low or average. The effect of time
parameter in customers demand attracts researchers to investigate inventory models by
considering time dependent demand pattern. Silver and Meal [1] first presented an EOQ
model by introducing time-dependent demand rate. An exponential time-dependent
demand pattern is taken into consideration by Hariga and Benkherouf [2] while Wu et al.
[3] have developed an EOQ model for time varying demand rate together with
deterioration and shortages. Manna et al. [4] have introduced time-dependent quadratic
demand rate in their studies. The effect of trade credit on an inventory model is
investigated by Tripathy and Pradhan [5]. They have considered two parameter time-
dependent Weibull distributed demand pattern while a deteriorating inventory model with
time-dependent demand and holding cost is discussed by Dutta and Kumar [6].

Deterioration of product and occurrence of shortages are another two major issues in
any inventory study. Chang and Dye [7] have presented an inventory model for
deteriorating item including the concept of permissible delay in parameters together with
shortages while Lee and Wu [8] have investigated an EOQ model for time varying
demand. They have assumed exponentially distributed deterioration and shortages. The
concept of partial backlogging for deteriorating items is introduced by Dye et al. [9].
Valliathal and Uthayakumar [10] presented a production-inventory problem where non-
linear shortage cost is taken into account while Mishra [11] have included salvage value
along with deterioration and shortages. Das Roy and Sana [12] have discussed an
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imperfect production model with free repair warranty and shortages. They have
considered random sales price sensitive demand pattern while a markdown policy is
determined by Das Roy [13] for an economic production quantity model (EPQ) where
deterioration of product and shortages are taken into consideration. Plenty of research
articles are available in which researchers have implemented either the effect of
deterioration or shortages or both of them together. A few of them are Skouri et al. [14],
Royetal. [15], Das Roy etal. ([16],[17]).

In early studies, the researchers have ignored the effect of inflation but now-a-days it
cannot be overlooked. A number of countries are affected by inflation. Buzacott [ 18] has
first introduced the concept of inflation. A deteriorating inventory model together with
inflation and time-discounting is discussed by Chen [19] while Yang et al. [20] have
studied an inventory model for deteriorating items with stock dependent demand and
partial backlogging under inflation.

The present paper proposes an EOQ model for deteriorating items in conjunction with
inflation and shortages. Demand is assumed to be influenced by time. It is an increasing
quadratic function of time. Deterioration of item is also time-dependent which follows a
two parameter Weibull distribution. Salvage value for deteriorating items are taken into
consideration. Shortages occur at the end of the cycle and the shortage cost is taken as a
non-linear function of time. The average profit function contains ordering cost, holding
cost, deterioration cost, shortage cost, salvage cost and revenue cost. The purpose of this
research work is to determine the optimal values of the decision variables by maximizing
the average profit and observe the effect of deterioration and inflation on the average
profit function.

The entire paper consists of 8 Sections. Section 1 presents introduction part whereas
notations and assumptions of the proposed model are given in Section 2. Mathematical
formulation and solution procedure of the model are described in Section 3 and Section 4
respectively. Section 5 provides numerical result and graphical representation. Some
special cases are discussion in Section 6 while Section 7 contains comparative study.
Finally, conclusion and further research proposal is given in Section 8.

2. Notation and assumptions
The notations and assumptions required to develop the proposed model are as follows.
2.1 Notation

K : Ordering cost per order.

D(t): Demand at time ¢ = 0.

8(t) : Deterioration rate at time ¢ = 0.

S(t) : Shortage cost per unit per unit time.

C, : Purchase cost ($) per unit.

C; : Inventory holding cost ($) per unit per unit time.

5z ¢ Selling price ($) per unit.

] : Salvage value associated with deteriorating item.
t; : Time at which the inventory level reaches to zero, t; = 0 is a decision
variable.
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T : Cycle length is a decision variable.

gy : The level of positive inventory at time , 0 = ¢ = ty

gz : Thelevel of negative inventory attime ¢, &; = ¢ =T.

I; : The maximum inventory level during [0, T].

Iz @ The maximum backlogging units during shortage period [¢;, T].

@ : Inventory ordered lot-size in units during a cycle of length T where
Q@ =Iy+I5

d : Inflation per unit currency ($).

i : The total average profit ($).

2.2 Assumptions

1.

2.

8.

9.

The inventory model is investigated for a single item only.

Demand is considered to be influenced by time. It is a quadratic function in time £
ie, D{(I) = u+ bl + 1% u > 0; b 0; ¢ ¥ 0. Here a denotes the initial
rate of demand, b denotes the rate at which the demand rate changes and the rate of

change in the demand rate itself changes at a rate .

The deterioration rate follows a two parameter Weibull distribution i.e.,

6(t) =aftF L where0<a << 1, > 1.
Here a indicates the scale parameter and [ indicates the shape parameter. Also, it is

considered that deterioration increases with time t = (.

Deteriorating items are not repaired or replaced.

The salvage value u (D = p = 1) associated with deteriorating items per cycle is
taken into account.

Shortages occur and shortage cost is assumed to be a non-linear function of time
je, SE)=11 mt | nt1 > 0;m = 0 n = 0.

Replenish rate is infinite.
Lead time is zero or negligible.

The time horizon is finite.

10. The effect of inflation is considered.
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3. Mathematical Formulation

Suppose at time t = 0 the on-hand inventory is (). Deterioration starts from the beginning
of the cycle. For the joint effect of demand and deterioration the on-hand stock depletes
with time and reaches to zero after time t;. Shortage takes place during the time span
[t1, T]. The inventory model is given in Figure 1.

Inventory Level

A

Iy

» Time
Ig
< T
Figure 1. Inventory Versus Time
The governing differential equations of the system at any time t are
—dq;:r}+ﬁrﬁt‘g'1q1(t}= —(a +bt +ct?), 0=t =t;, qt;)=0 M
and 20— (g + bt + ctd), ty =t =T. ()

dr

The solutions of equations (1) and (2), are

o1 (8) = (1 - atF)|alt; — 1) +%(¢12 - t2) +§(¢13 —t3)

G b
L £ BHL Bty ¢ B2 pf42
alzrile )+ g3 )
c
F+3 _ f+3 }] = =
+ﬁ+3(t1 th+3 )], 0=ts=<t
and  qa(D) =alty O +2(6,2 — ) +2 (13 —£9), t, = t=T.

The maximum level of inventory I, is

£ A+ 4 Lt gz, _° ,E+3}

Iy =q(0) = +2t24 854 {
m = q100) = afy Sh 1T ta Tk Fr3

3 f+1

and the maximum level of back order inventory 1 is
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h . e
Ig =—qo(T)=all —t;) +3 (T —t,%) + 3 (T3 —t,3).

Thus, the ordered lot size is

2 3 8 . B+l B+2 4 © . P43

Q=Dy+lp=al+2T?+5T +ﬁr{£+1t +E+2t_ to5h ] 3)
Now the inventory related costs are as follows.
z
The ordering cost per cycle (OC) with the effect of inflation is OC = K{T — STT}.
The inventory holding cost per cycle (HC) with the effect of inflation is
s
HC =, f g, (t) e 0t dt
-0

= Culsaty? +2(2b — ad)ty” +2 (2c — b&)t, " — = cat,®
arrfi ,E 2 affi2h(f + 2) —as(f + 1)}

. g+3
TErDG+2Y T2+ nG B3 °
aff{2c(B+2) —b3(B + 1}}t P céaf . B+
B+DEB+2E+40 1 28+2D(E+5) b
_ aeel tz}?i—!_“z{b(ﬁ_‘_z}_ﬂaw_‘-i}}t21'3"'3
B+1(23+21 B+0E+02p+3) 1
_ﬁz{ﬂ(ﬁ-i- 2) — b3+ 1}}t 28+4 chal £, 26+5]
B+E+22028+4) 1 B+22028+5°

The deterioration cost per cycle (DC) with the effect of inflation is
DC =C, [} 6(t)q, (t) e~¥tdt
B a B4 {b(B + 1) — aBs} . P42
=Gh gD TRy DG D ¢
. fe(p+1) — b,ﬁ’ﬂ} o .
BB +1)(B +3) uf T ErDE+D
N e t12E+1+{ba(ﬁ+‘l}(2ﬁ+1} —Zaﬁrﬁzﬂ}tlwﬂ
28026 +1) 268(F+1)(26+ 1)(28 +2)
fea(f+1)(258 +1) - Zbaﬁzﬂ}t 2843
28+ 102 +1)28+3)
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TBrDE+ DB
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The salvage cost per cycle (SV) with the effect of inflation is §V = uD(.

The shortage cost per cycle (SC) with the effect of inflation is

5C — j S(e)(—q:(£)) e~Frde

1

1 1 1 1 \| 1 1 1
— T 2 2 4 4 3

1 1 1 1 1 1
+ —!5{ (—T5+—t5——T2t)+b(—i"4+—t“——i"2t2)
m=10qa(3T 5t —3T 8 '8t 4 1

1 1
+ 1"5+—t5——i"2 )}
’:(15 L6
+{'n—m6}{ ( T“+—t“——i“3 )
1 1 1 1 1 1
+b( TS+ —t,° —=T3 ) ( Té+—t,°—=T3 }
10 151 ¢ 18 131 3 )
—nﬂ{a(—TE' lt ——T“t)+b( T5+lt —ET“t )
5 20 4 ™ 12 241 g° ™

+ (1r7’+1t 1T4t )}
“\21 26 T12° )y

The revenue per cycle (RV) with the effect of inflation is

RV =5, [, D(t)e~0¢dt = S [aT + (=2) 12 +(Z25) 13 - 19)
The average profit ({ty, T) ) is

Wiy, 1) =1; [RV — (UC +HC + DC + 5C — 5V]] 4)

4. Solution Procedure

The average profit function w(i;,T)is a non-linear function of decision variables.
Therefore, it is not possible to examine the concavity nature of the function and determine
the optimal solutions analytically. “MATHEMATICA 8.0" software is used to obtained
the optimal stock-out point i.e., £;*, cycle length T*and the optimum value of average
profit (¢, %, T*). Also, with the help of “MATHEMATICA 8.0" the optimization
conditions are verified i.e., at the optimal values of t; and T.

T
8% (£, T) <0, 8% (toT) = 0. and 8%l £4,T) x F2eh(ty,T) (ﬂ ! f:.,-T}}z

Aty ar2 ! Bry® ar2 at. 8T
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5. Numerical Example

Example 1. Let us consider an inventory system where shortage occurs at the end of the
cycle. The parameters values related to the model in appropriate units are as follows.

K =355 a=01 =02 46.03, C,=54 C(,=330 5,=570,
a=1720, b=100, c=40), [=01 m=03 n=09 u=0L

Then the optimum solution obtained from equation (4) is: £;* = 555441 = 5.55 weeks,
T*=6.42573 = 6.43 weeks and 1 * = 5123235 . Also, the optimal ordered lot size
obtained from equation (3) is ) * = 182/5.5 units.

Since at the optimal solution t;* = 555441, T* = §.42573, N _ 15346.9 < 0,

a2
ey _ N ST TS
P 199545 =0 and H = P * pr= (ar.j = 7.72878 % 10° = 0. Therefore,
824 A%
At.® Al dT

the Hessian matrix H = is negative definite.

oy
3Tde, AT .
Hence, the required optimal solution is &* = 555441 = 555 weeks,

T* = 6.42573 = £.43 weeks and 1 * = §123235 (see Figure 2).

A=

S 120000
S 100000
&0 80000
5 60000
>

z 40000

Cycle length ( T)

Stock-out point t,

Figure 2. Graphical Representation of Average Profit Function Versus
Stock-out Point ( t; ) and Cycle Length (T) for Example 1

6. Special cases

In this section, some special cases are discussed separately.
6.1 Case-I: Deterioration without inflation

In this case, & = (. Substituting & = 0 while keeping all the other parameters values
as same as they are stated in Example 1, then the optimal values of stock-out point t;,
cycle length T, ordered lot size @ and average profit 4 obtained from equation (4) are:

f*=117242 = 11,72 weeks, T* = 12,1183 = 12,12 weeks, Q* = 58981.9 units and
ifr * = $156000 (See Figure 3).
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Average profit

Cycle length ( T)

Stock-out point t,

Figure 3. Graphical Representation of Average Profit Function Versus
Stock-out Point ( t; ) and Cycle Length (T) for Case - |
6.2 Case-1I: Inflation without deterioration

In this subsection, & = {I. Using & = {0 in equation (4) when all the other parameters
values of Example 1 remains same. Then the optimal solutions determined from equation
(4) are t;* = 7.67614 = 7.68 weeks, T* = 8.27392 = B.27 weeks, * = 25205.2 units
and y * = 5132065 (See Figure 4).

125000
100000
75000

Average profit

Cycle length ( T)

Stock-out point t,

Figure 4. Graphical Representation of Average Profit Function Versus
Stock-out Point ( t; ) and Cycle Length (T) for Case - Il

6.3 Case-III: Without deterioration and inflation

Here, @ = 0and = 0. To get the optimal solutions for this case putting & = 0 and
& = 0 in equation (4) when all the other parameters values remain unaltered. Thus, the
optimal solutions are: t;* = 13.2286 = 13.23 weeks, T*= 13.5484 = 13.55 weeks,
Q* = 65640.3 units and ¢ * = §175066 (See Figure 5).
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Figure 5. Graphical Representation of Average Profit Function Versus
Stock-out point ( t; ) and Cycle Length (T) for Case - I

7. Comparative study

In this section, a comparison has been made between the models mentioned in the
above three cases with the present model. The percentage of increment or decrement in
the optimal solutions in Case-I, Case-1I and Case-III with respect to propose model are
calculated and furnished in Table 1.

Table 1. Comparison Table

SPECIAL CASES | ,*(IN %) | T*IN %) | Q*(IN %) | ¢*(IN %)
CASE-1 +111.08 +88.59 +222.74 +26.59
CASE-II +38.20 +28.76 +37.92 +7.17

CASE-TII +138.16 | +110.85 | +259.17 +42.06

From Table 1, it is observed that in all the three cases the optimal values of stock-out
point (t;°), cycle length (T*), ordered lot size (Q*) and optimum average profit (i *)
increases as compared to the optimal values of £, * T * and i * of the present study.
Also, it is noted that the increment in t;*, T, ¢* and 4 * for Case III is higher than the
other cases.

8. Conclusion and Further Research

In reality, demand, deterioration and shortage are not constant. They must vary with
time. In this study, an EOQ model is framed for deteriorating items under the effect of
inflation along with shortages in which demand, deterioration and shortage cost are
assumed to be influenced by time. It is considered that demand is time dependent and
quadratically increased, deterioration follows Weibull distribution and shortage cost is a
non-linear function of time. Generally, researchers prefer constant shortage cost but here
time dependent nonlinear shortages cost is taken because of two reasons. Firstly, the
demand function is assumed to be increased qudratically so shortage cost will also
increase proportionally. Secondly, stock-out for a long time causes financial loss as well
as loss of goodwill. Therefore, assumption of non-linear shortage cost is more convenient.
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Numerical example helps to establish the model and also helps to perform a comparison
between the present model and the special cases. In comparative study, it is observed that
the average profit is increased for all of the three cases but the increment is maximum for
Case III i.e., the case of without deterioration and inflation and minimum for Case Il i.e.,
the case which considered inflation without deterioration. Clearly, the effect of inflation is
significantly high in any inventory system. Thus, inclusion of the effect of deterioration
and inflation to develop the model is very much realistic in contemporary inventory
studies.

This article has considered time dependent quadratic demand for single item. In future, it
may be developed for other demand pattern and also for multiple items.

References

[11 E. A. Silver and H. C. Meal, H. C., “A simple modification of the EOQ for the case of varying demand
rate”, Production of Inventory Management, vol. 10, (1969), pp. 52-65.

[21 M. A. Hariga and L. Benkherouf, “Optimal and heuristic inventory replenishment models for
deteriorating items with exponential time-varying demand”, European Journal of Operational Research,
vol. 79, (1994), pp. 123-137.

[31 J.-W. Wu, C. Lin, B. Tan and W. -C. Lee, “An EOQ inventory model with time-varying demand and
Weibull deterioration with shortages”, International Journal of Systems Science, vol. 31, (2000), pp.
677-683.

[41 S. K. Manna, K. S. Chaudhuri and C. Chiang, “Replenishment policy for EOQ models with time-
dependent quadratic demand and shortages”, International Journal of Operational Research, vol. 2, no. 3,
(2007), pp- 321-337.

[5]1 P. K. Tripathy and S. Pradhan, “An integrated Partial backlogging inventory model having Weibull
demand and variable deterioration rate with the effect of trade credit”, International Journal of Scientific
& Engineering Research, vol. 2, no. 4, (2011), pp. 1-5.

[6] D. Dutta, and P. Kumar, “A partial backlogging inventory model for deteriorating items with time-
varying demand and holding cost”, International Journal of Mathematics in Operational Research, vol.
7, no. 3, (2015), pp. 281-296.

[71 H.J. Chang and C. Y. Dye, “An inventory model for deteriorating items with partial backlogging and
permissible delay in parameters”, International Journal of Systems Sciences, vol. 32, (2001), pp. 345-
352.

[8] W.-H. Lee and J. -W. Wu, “A note on EOQ model for items with mixtures of exponential distribution
deterioration, shortages and time-varying demand”, Quality and Quantity, vol. 38, (2004), pp. 457-473.

[91 C.Y.Dye, T.P. Hsich and L. Y. Ouyang, “Determining optimal selling price and lot size with a varying
rate of deterioration and exponential partial backlogging”, European Journal of Operational Research,
vol. 181, no. 2, (2007), 668-678.

[10] M. Valliathal and , R. Uthayakumar, “The production - inventory problem for Ameliorating/
deteriorating items with non-linear shortage cost under inflation and time Discounting”, Applied
Mathematical Sciences, vol. 4, no. 6, (2010), pp. 289-304.

[11] V. K. Mishra, “Inventory model for time dependent holding cost and deterioration with salvage value
and shortages”, The Journal of Mathematics and Computer Science, vol. 4 no. 1, (2012), pp. 37-47.

[12] M. Das Roy and S. Sana, “Random sales price-sensitive stochastic demand — an imperfect production
model with free repair warranty”, Journal of Advances in Management Research, vol. 14, no. 4, (2017),
pp- 408-424.

[13] M. Das Roy, “An EPQ model with variable production rate and markdown policy for stock and sales
price sensitive demand with deterioration”, International Journal of Engineering, Science and
Mathematics, vol. 7, no. 4, (2018), pp. 260-268.

[14] K. Skouri, I. Konstantaras, S. Papachristos and I. Ganas, “Inventory model with ramp type demand rate,
partial backlogging and Weibull deterioration rate”, European Journal of Operational Research, vol. 192,
(2009), pp. 79-92.

Volume 8, Issue X1, DECEMBER/2018 Page N0:1583



International Journal of Management, Technology And Engineering ISSN NO : 2249-7455

[15] M. Roy, S. Sana and K. Chaudhuri, “A stochastic EPLS model with random price sensitive demand”,
International Journal of Management Science and Engineering Management, vol. 5, no. 6, (2010), pp.
465-472.

[16] M. Das Roy, S. Sana and K. Chaudhuri, “An economic order quantity model of imperfect quality items
with partial backlogging”, International Journal of Systems Science, vol. 42, no. 8, (2011a), pp. 1409-
1419.

[17] M. Das Roy, S. Sana and K. Chaudhuri, “An EOQ model for imperfect quality products with partial
backlogging - a comparative study”, International Journal of Services and Operations Management, vol.
9, no. 1, (2011b), pp. 83-110.

[18] J. A. Buzacott, “Economic order quantities with inflation”, Operation Research Quarterly, vol. 26,
(1975), pp. 553-558.

[19] J.-M. Chen, “An inventory model for deteriorating items with time-proportional demand and shortages
under inflation and time discounting”, International Journal of Production Economics, vol. 55, (1998),
pp. 21-30.

[20] H.-L. Yang, J. -T. Teng, M. -S. Chern, “An inventory model under inflation for deteriorating items with
stock-dependent consumption rate and partial backlogging shortages”, International Journal of
Production Economics, vol. 123, (2010), pp. 8-19.

Volume 8, Issue X1, DECEMBER/2018 Page No0:1584



